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Abstract—In fog computing, end-users can offload the
computation-intensive tasks to the fog node in the proximity.
Additionally, the fog nodes also offload the tasks to the cloud
and neighboring fog node, thereby forming a vertical and
horizontal collaboration, respectively. In this paper, we propose
a offloading strategy in fog computing to minimize the cost that
is a weighted sum of energy consumption and total delay for
the task processing per end-user. We take the heterogeneous
nature of the fog computing nodes that have different CPU
frequency to process the tasks. We aim to find an optimal
amount of task data to be either locally processed or offloaded
to the preferable fog node.cloud under the energy and delay
constraints. We then formulate the optimization problem into
a non-convex quadratically constrained quadratic program and
provide an efficient solution to this problem by semidefinite
relaxation. Finally, our proposed offloading scheme is evaluated
by simulation to demonstrate the offloading profile and optimal
cost of the offloading with a wide range of parameter settings.

I. I NTRODUCTION
The fog computing framework [1]–[3] addresses the limitations/challenges faced in the cloud environment by bringing
in part of computing, storage and processing capabilities
closer to the end-devices that require them. By doing so, the
fog environment reduces the communication cost and latency
that are crucial for delay sensitive Internet of Things (IoT)
applications and Cyber Physical Systems (CPS). That is, the
fog layer acts as an intermediate facility between the cloud
and end-devices. It is comprised of a network of devices that
are typically located at the edge of the network like gateways,
routers, access points and base-stations, which are connected
to power supply and have storage and processing capabilities
that can be leveraged upon. Constrained end-devices that
usually to rely on cloud for their storage or computing needs
will now offload their computation and storage requests to the
fog layer. A set of end-devices are usually served by a single
fog node, typically referred to as primary fog node. Fog nodes
that are interconnected may either collaborate horizontally by
offloading part of the tasks to another fog node(s) or vertically
by in-turn collaborating with the cloud. To achieve this, several

offloading techniques [4]–[10] have been proposed that aim to
offload efficiently by optimizing either delay, communication
cost or to achieve load balancing of jobs.
A. Motivation
Generally, the concept of the fog-cloud network plays an
important role in the delay sensitive task processing for the
end-user. Moreover, to minimize the energy consumption due
to the local processing of a large number of tasks, the endusers often prefer to offload their tasks to the fog nodes in
the proximity. The collaborative nature of fog computing (i.e.,
horizontal collaboration with neighboring fog node and the
vertical collaboration with the remote cloud) aims to provide
additional computational resources with a low energy consumption per bit compared to the end-user. A few downsides
exist as follows. First, the computational capacity of each fog
node (i.e., the CPU clock speed of the device) is different. The
main reason is that the fog computing nodes consist of various
network devices, such as a switch, gateway, routers, or minidata centers. Therefore, the CPU clock speed of fog node is
different from each other. Second, we cannot ignore the local
energy consumption at the fog nodes, and the delay occurred
due to transmission time from fog node to neighboring fog
node and cloud. Thus, we require to ensure that the enduser must obtain reduced task processing time with minimum
energy consumption at the computing devices compared to the
local processing at the end-user side.
B. Our contributions
In this paper, we study the task offloading in the fog-cloud
network to minimize the task processing delay and energy
consumption. We propose an offloading policy to find the
optimal place where to offload the task data and the amount
of offloaded task data. We summarize our main contributions,
which are as follows:
• We mainly consider the heterogeneous nature of the fog
computing nodes. Therefore, the individual computational
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Fig. 1. An illustration of fog computing system model.
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capability of the fog node will play an important role in
the local task processing time at the fog node, thereby
affecting the total task processing delay.
We focus on the minimization of the total system cost
that is calculated as the weighted sum of total energy
consumption and task processing delay. We also analyze
the tradeoff between the task processing delay and the
energy consumption in the task offloading.
We further apply the semidefinite relaxation (SDR)
to the Quadratically Constraint Quadratic Programming
(QCQP) problem. We then solve the separable semidefinite programming (SDP) problem. Finally, the simulation
results show that our proposed offloading policy can
reduce the energy consumption and task processing delay
compared with other benchmark offloading schemes.

The rest of the paper is organized as follows. In Section II,
we describe the system model with the delay model and the
energy consumption model. We formulate the optimization
problem in Section III and transform the problem to a QCQP
problem and solve it through the SDR method. The simulation
results are presented in Section IV. Finally, we conclude our
work in Section V.
II. S YSTEM M ODEL
As illustrated in Fig. 1, we consider a fog computing
network with a set of fog nodes N = {1, 2, . . . , N }, a set
of end-users K = {1, 2, . . . , K}, and one remote cloud server.
We assume that these fog nodes and end-users are uniformly
and randomly distributed
over the entire network. We denote
PN
Mi = {1, 2, . . . , Mi }, i=1 Mi = K as the set of end-users
that chose the ith fog node as their primary fog node. We take
the scenario when the the end-user can offload the task to only
one primary fog node. If the computational resources offered
by the primary fog node is not sufficient, then the primary fog
node decides to further offload the task to neighboring fog
node and cloud. We further assume that the end-user and the
fog node can simultaneously offload and execute the tasks.
We write the task arrival rate from the kth end-user , k ∈
Mi , to the ith fog node as λOL
k,i = αk,i λk Then, the remaining
tasks are locally executed at the end-user side. The task arrival
rate at the local processing queue is calculated as λCPU
=
k
OL
(1 − αk,i ) λk . Then, λfog,i = λCPU
fog,i + λfog,i .

λOL
fog,i
Lk,a
fk
fi
µk
µfog,i
ri,c
rk,i
Local
Ek,i

EkOL
EiLocal
OL
Ei,j

EcLocal
OL
Ei,c

TABLE I
M AIN N OTATION D EFINITION
Definition
The number of total fog nodes in the network
The number of total end-users in the network
The number of end-users under ith primary fog node
The data size of a single sub-task
The task arrival rate at the kth end-user
The task arrival rate at the local task execution queue of the
kth end-user
The task offloading rate at the offloading queue of the kth
end-user
The subtask arrival rate at the ith fog node
The subtask arrival rate at the local task execution queue of
the ith fog node
The subtask offloading rate at the offloading queue of the
ith fog node
The processing density for the ath task initiated by the kth
end-user
The CPU clock speed of the kth end-user
The CPU clock speed of the ith fog node
The service rate at the local execution queue of the kth
end-user
The service rate at the local execution queue of the ith fog
node
The offloading-rate from the ith fog node to the cloud
The offloading-rate from the kth end-user to the ith fog
node
Energy consumption per second for task processing at end
user.
Energy consumption per second for the task to transmit
from end user to its parent fog node.
Energy consumption per second for the task processing
locally at fog node.
Energy consumption per second for the task to transmit
from fog node to other fog node.
Energy consumption per second for the task to process at
cloud.
Energy consumption per second for the task to transmit
from fog node to cloud.

A. Delay Model
In our delay model, we consider the a) average response
time in end-user, fog node (primary and neighboring fog node),
and cloud server, and b) uploading time from end-user to the
primary fog node, offloading time from primary fog node to
neighboring fog node, and uploading time from the primary
fog node to the remote cloud.
1) Average response time: As the service rate depends on
the task processing density and CPU clock speed, the service
time of the kth end-user is
TCPU
=
k

LD
.
fk

(1)

Thus, the the service rate at the kth end-user can be written
as µk = 1/TCPU
. Moreover, assuming M/M/1 queue model
k
with a mean task arrival rate λCPU
at the kth end-user’s local
k
processing queue, the average response time including waiting
time at the local queue and local task execution time at local

processing queue for the kth end-user is expressed as
TLocal
=
k

1
.
µk − λCPU
k

arranged in descending order with total number of task arrived
to each fog node ie. i = 1 . . . N , as follows
(2)

min max Ck ∀ k
s.t.

(C1) : αk,i , βk,i,j , γk,i,c ∈ [0, 1],

λCPU
i

Assuming a mean task arrival rate
at the ith fog node’s
local processing queue, the average response time including
waiting time at the local queue and local task execution time
at local processing queue for the kth end-user is expressed as
TLocal
=
i

1
,
µi − λCPU
i

(C2) : αk,i +

N
X

(8b)

βk,i,j + γk,i,c = 1,

(8c)

j=i

(C3) : λCPU
fog,i < µfog,i ,

(8d)

(C4) : rk,i > 0,

(8e)

(3)
(C5) :

Mi
X

rk,i ≤ ri

,

(8f)

k=1

where the service rate µi = 1/TCPU
with TCPU
= L D/fi .
i
i
2) Uploading time: When the kth end-user offloads the task
data to the ith fog node, the uploading time from the kth enduser to the ith fog node becomes
OL
TOL
k,i = λk D/rk,i .

(8a)

od

(C6) : ri,c > 0,
(C7) :

(4)

(C8) :

N
X
i=1
N
X

(8g)

ri,c ≤ rc ,

(8h)

Mi = K ,

(8i)

i=1

Now, the offloading time from the ith fog node to the jth
neighboring fog node is expressed as
OL
TOL
fog,i,j = βi,j λfog,i D/ri,j .

(5)

Further, the uploading time from the ith fog node to the cloud
is written as
OL
TOL
fog,i,c = γi,c λfog,i D/ri,c .

(6)

As a result, the total time to process the kth end-user’s task
is expressed as

 OL 
CPU
CPU
Tk = TOL
, TCPU
, TOL
, Tfog,i,c
k,i + min Tk
i
fog,i,j + Tj
(7)

Where in constraint (C2) if i = j, then βk,i,j shows local
processing of kth user task at its parent node. Constraint (C3)
indicates that each ith fog node can not exceed its service
rate. Constraint (C4) and (C6) shows non-negative transfer
rate of kth user task to its fog node and ith fog node to
cloud respectively. Similarly, constraint (C5) and (C7) shows
the transmission rate of kth user task to its fog node and ith
fog node to cloud respectively. Constraint (C8) indicates total
number of end users present in the network.
Optimization problem defined in (8 change) is not convex
due to the variables od. It is a mixed-integer non-linear
programming problem, which can be generally NP-hard. We
transform (8 change) into a QCQP problem and then semidefinite relaxation (SDR) approach is applied, which can be solved
using convex optimization toolbox in CVX. Let us introduce a
slack variable ζ, such that max Ck = ζ. So overall cost with
od can be expressed as

B. Energy Consumption Model
The energy consumption due to the uploading the task from
the kth end-user to the ith primary fog node is expressed as
EkOL = (P0 + kt Pt )TOL
k,i ,
The energy consumption due to the local task processing at
the ith fog node is expressed as EiLocal =
III. P ROBLEM F ORMULATION AND P ROPOSED
O FFLOADING S TRATEGY
In this section, we define our problem to jointly optimize
the energy consumed and time delay for each individual end
user present in the network. Cost function for each user is
defined as Ck = aek Ek + atk Tk . Where aek , atk ∈ [0, 1], denotes
the weights of energy consumed and delay for kth user. Here,
we formulate the joint optimization of offloading decision,
od = [αk,i , βk,i,j , γk,i,c ], with assumption that fog node are
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(aek EcLocal + atk ) TCPU
γi,c ≤ ζ
c

(9)
As we have assumed that the fog nodes are arranged in
descending order based on task arrived from their respective

end-users. Thus, for i = 1, i.e., the first fog node does
not receive any offloaded data from any other fog node.
Considering this assumption and (9) let us define a 8 × 1
vector wk,i,j = [αk,i , βi,j , γi,c , rk,i , ri,c , ζ, λf og,i , Mi ]| be the
variable matrix. Then, the matrix form of (8 change) becomes
Let eq = [01×(q−1) 1 01×(8−q) ]| for 1 ≤ q ≤ 8, therefore,
the objective function is written as
min

b|k wk,i,j

s.t.

0 ≤ e|u wk,i,j ≤ 1

wk,i,j

(10a)

e|1 wk,i,j +

N
X

∀ u ∈ {1, 2, 3},

(10b)

e|2 wk,i,j + e|3 wk,i,j = 1,

(10c)

TABLE II
S IMULATION PARAMETERS
Parameters
CPU frequency of the end-user (fk )
Maximum CPU frequency of fog node (fi )
CPU frequency of the cloud (fc )

Uploading rate from end-user to fog rk,i
Uploading rate from fog to cloud (ri,c )
Task density (L)
Task size (D)

j=i

e|7 wk,i,j
e|4 wk,i,j
Mi
X

≤ µfog,i ,

(10d)

> 0,

(10e)

e|4 wk,i,j ≤ ri ,

(10f)

k=1

e|5 wk,i,j > 0,
N
X
i=1
N
X

(10g)

e|5 wk,i,j ≤ rc ,

(10h)

(10i)

i=1

Now, we transform the optimization problem into
h a homoi|
|
geneous separable QCQP form. Define Zk,i,j = wk,i,j
1 .
Thus, the above optimization problem becomes
min

Zk,i,j

s.t.

Z|k,i,j Qk Zk,i,j

(11a)

0 ≤ Z|k,i,j Qu Zk,i,j ≤ 1
N
X

∀ u ∈ {1, 2, 3},

N
X

Z|k,i,j

(11b)

(11d)

(11f)
(11g)

Qc Zk,i,j ≤ rc ,

(11h)

Z|k,i,j Qm Zk,i,j = K

(11i)

where

08×8
1 |
2 eu

1
2 eu



0

0
Qr = 1 8×8
|
2 e4

∀u ∈ {1, 2, 3} , Qk =
1
2 e4

0



c
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Tr(Qk Yk,i,j )

s.t.

0 ≤ Tr(Qu Yk,i,j ) ≤ 1
N
X

(12a)
∀ u ∈ {1, 2, 3},

Tr(Q1 Yk,i,j ) + Tr(Q2 Yk,i,j ) = 1,

j=i+1
λ

Tr(Q Yk,i,j ) ≤ C, ,
r

Tr(Q Yk,i,j ) > 0,
Mi
X

Tr(Qr Yk,i,j ) ≤ ri ,

(12b)
(12c)
(12d)
(12e)
(12f)
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N
X
i=1
N
X

(12g)
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(12h)

Tr(Qm Yk,i,j ) = K

(12i)
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Z|k,i,j Qλ Zk,i,j ≤ µfog,i ,
Z|k,i,j Qr Zk,i,j > 0,
Mi
X
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k=1
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where bk = [λk D, 01×7 ]|1×8 . We apply SDR to solve above
QCQP problem. Define Yk,i,j ≡ Zk,i,j Z|k,i,j . It is clearly
observed that by dropping the rank(Yk,i,j ) = 1, we obtain
the following SDP problem
Yk,i,j

e|8 wk,i,j = K



0
Q = 1 8×8
|
2 e8

0
Q1 = 1 8×8
2 e2
m

Values
0.5 × 109 [cycles/s]
2.5 × 109 [cycles/s]
4 × 109 [cycles/s]
72.2 Mbps
30 Mbps
2300 [cycles/byte]
50 Kbit



08×8
1 |
2 e5



08×8 12 bk
1 |
0
2 bk

1
2 e5 ,
0

We solve the above SDP problem in a polynomial time using
a standard SDP software SeDuMi [11].
IV. S IMULATION R ESULTS
This section evaluates the performance of proposed optimal
solution for task offloading with Monte Carlo simulations.
The results are averaged over 10, 000 different runs. Extensive simulations are conducted in MATLAB. The simulation
parameters are summarized in Table II.
In Fig. 2, we study the cost with various number of endusers per fog node. In particular, the cost increases with the
number of end-users per fog node. From the figure, we observe
that fog CPU rate has a positive impact to reduce the cost per
end-user. However, the cost performance of the high CPU fog
node converges with the other low CPU fog node when the
number of end-users per fog node increases. The reason is that
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at higher number of end-users at fog node, the CPU utilization
saturates. Although, at higher number of fog node, although
the high CPU rate can process higher number of tasks, the
neighboring fog nodes also offload to high CPU frequency fog
node. This results highlight that in our proposed scheduling
scheme, the task data can be offloaded from the low CPU fog
node to the high CPU fog node to exploit the computational
resource utilization provided by the fog nodes. Moreover,
when we increase the weight of energy consumption relative
to delay in Fig. 3, we have the following observation: a) the
total cost increases with the increase of the weight factor ρ and
b) advantage of higher CPU frequency in fog node is more
visible compared to the low CPU frequency.
Fig. 4 depicts the offloading profile of the fog node with
the number of end-user per fog node. As in previous, we
take equal number of end-users per fog node. We assume
the fog node-1 has lowest and fog node-3 has the highest
CPU frequency, whereas the fog node-2 has the intermediate
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14

Fig. 4. Offloading profile, i.e., received offloaded tasks from neighboring fog
nodes, ρ = 1.4 (millisecond/Jule).

CPU frequency. As obvious, the fog node does not receive
any task data from other two fog nodes. It is evident from the
Fig. 4 that a more amount of tasks are offloaded to the higher
CPU fog node to increase the utilization of the computational
resources provided by the fog nodes. However, as the number
of end-users per fog node increases, the high CPU fog node
also receives a higher number of tasks from its own end-users
compared to the scenario with lower number of end-users per
fog node. As a result, the amount of tasks offloaded from the
low CPU fog node decreases with the increase of end-users
per fog node. Therefore, rather than offloading the data to the
neighboring fog node, the fog node prefer to offload the task
data to the remote cloud.
Moreover, amount of offloaded task to the neighboring node
decreases when we increase the the uploading rate from the
fog node to the cloud, ri,c = 30 Mbits/s from 10 Mbits/s.
The main reason is that due to low transmission delay to the
cloud, more number of task data is offloaded to the cloud than
offloading to the neighboring fog node. Besides, we also have
some intriguing findings: when the number of end-users per
for node increases, the horizontal collaboration is less due to
the saturation of computational resources of higher CPU fog
nodes. Therefore, although the transmission delay between the
fog node and the cloud is higher with lower transmission rate,
the fog node cannot able to process the most of the tasks, thus,
fog nodes offload their tasks to the cloud server.
V. C ONCLUSION
In this paper, we study the task offloading in fog computing
network that consists of heterogeneous fog computing nodes
with different computational capability. We have proposed an
offloading policy to find the optimal amount of offloaded task
data under delay and energy constraints. It has been observed
that the individual computational capability of the fog node
will play an important role in local task processing time
thereby thereby affecting the total cost for task processing. To

solve the non-convex optimization problem, we apply SDR to
the optimization problem. From the extensive simulation, we
observed that with an equal number of end-users per fog node,
the fog node with higher CPU rate receives more data from
the neighboring fog node to reduce the computational load of
the fog node with low CPU rate. In particular, the offloading
profile of the fog node shows an insight of the task offloading
under energy and computational time for individual fog node.
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